It was shown in [1] and [2] that in a multiple antenna noncoherent channel the coding problem is equivalent to one of packing subspaces (codewords) according to a certain notion of distance. In particular, [1] showed that the diversity order (the asymptotic slope of the error probability with respect to SNR) depends on the dimension of the intersection of the subspaces. Therefore in order to construct maximal diversity codes we need to find "nonintersecting" subspaces, that is, subspaces which intersect only at the origin. Maximal diversity differential space-time codes have been constructed in [3] (and references therein). These constructions do not impose explicit constraints on the number of different symbols used to define the codewords, so the transmitted symbols could in principle use a large alphabet. The main question addressed in the present paper is the construction of codewords (i.e. nonintersecting subspaces) subject to the constraint that the elements of the codewords use symbols from a fixed, small constellation.
I. PROBLEM STATEMENT
It was shown in [1] and [2] that in a multiple antenna noncoherent channel the coding problem is equivalent to one of packing subspaces (codewords) according to a certain notion of distance. In particular, [1] showed that the diversity order (the asymptotic slope of the error probability with respect to SNR) depends on the dimension of the intersection of the subspaces. Therefore in order to construct maximal diversity codes we need to find "nonintersecting" subspaces, that is, subspaces which intersect only at the origin. Maximal diversity differential space-time codes have been constructed in [3] (and references therein). These constructions do not impose explicit constraints on the number of different symbols used to define the codewords, so the transmitted symbols could in principle use a large alphabet. The main question addressed in the present paper is the construction of codewords (i.e. nonintersecting subspaces) subject to the constraint that the elements of the codewords use symbols from a fixed, small constellation.
Let the number of transmitting antennas be Mt and the number of receiving antennas be Mr. We can write the received signal y(k) ∈ C Mr over m time instants as
where
The channel matrix H(k) ∈ C Mr ×Mt is assumed to be time-invariant over the block of m symbols. The column vector x(k) ∈ C Mt is the channel input, Es is the signal power per transmitting antenna, and z(k) ∈ C Mr is zero-mean i.i.d. Gaussian noise with E [z(k)z(k) H ] = N0I. Furthermore, we assume that the receiver will not attempt to estimate the channel matrix H, i.e. that we have a noncoherent receiver. We assume that the elements of H are i.i.d with distribution C N (0, 1) (zero-mean complex Gaussian with unit variance). Then the code design criterion derived in [1] shows that the diversity order of the space-time code is given by
Since the focus of this paper is on constructing maximal diversity (MtMr) space-time codewords X, the criterion implies that we need distinct codewords to be nonintersecting. Furthermore, we impose the constraint that the elements of X are taken from a fixed constellation.
II. CODE CONSTRUCTIONS AND PROPERTIES
Definition 1 Let F be a field. A codeword or subspace will mean an Mt-dimensional subspace of F m . Two subspaces Π1 and Π2 are said to be nonintersecting over F if Π1 ∩ Π2 = {0}.
Suppose that we restrict the entries in the matrices Π1 and Π2 to belong to a finite subset A ⊆ F, called the alphabet. The question is the following: given Mt, m and a finite alphabet A ⊆ F, how many subspaces can we find which are generated by vectors from A m and which are pairwise nonintersecting over F?
We investigate this question for two kinds of alphabets: (a) A is a finite field F, and (b) Mt = 2 and A ⊆ C m is a set of complex roots of unity. The question of nonintersecting subspaces over a finite field is a well-studied question in finite geometry. When the alphabet is a finite field, the main idea is to lift those constructions to the complex field to obtain codes for the noncoherent multiple antenna problem. for PSK constellations we use a different approach.
A. Finite Fields
We assume that the alphabet A = F = GF (q), the finite field of q elements, where q is a power of a prime p. Let V denote the vector space GF (q) m .
Theorem 1
The number of pairwise nonintersecting Mtdimensional subspaces of V is at most (q m − 1)/(q Mt − 1).
Using projective geometry, we show that:
The bound of Theorem 1 can be attained whenever Mt divides m, and only in these cases.
Furthermore, it is straightforward to construct nonintersecting subspaces meeting the bound given in Theorem 1: suppose Mt divides m, and consider the fields F0 = GF (q), F1 = GF (q Mt ), F2 = GF (q m ). Then F0 ⊆ F1 ⊆ F2. By regarding GF (q m ) as a vector space of dimension m over GF (q) we can identify F2 with V . Similarly we can regard F1 as an Mt-dimensional subspace of V . The desired result is now obtained by partitioning F * 2 into (multiplicative) cosets of F * 1 . This construction shows that the codewords are nonintersecting over the finite field. We also show that the subspaces constructed in Theorem 2 remain nonintersecting when lifted to the complex field. Therefore this construction gives full diversity order when the elements of the codewords are restricted to come from a finite field.
B. PSK constellations
We assume that the alphabet A consists of the set of complex 2 r -th roots of unity, that is, A = {exp(2πij/2 r ), 0 ≤ j < 2 r }, for some r ≥ 1. Let µ = exp(2πi/2 r ) be a primitive 2 r -th root of unity.
There is a trivial upper bound:
Theorem 3 Let A be the set of 2 r roots of unity, r ≥ 1. Then the number of pairwise nonintersecting planes is at most 1 2 |A| m−1 = 2 (m−1)r−1 .
In the other direction we prove:
Theorem 4 Assume r ≥ 1 and that m ≥ 2 is even. There exist N = |A| m−2 = 2 (m−2)r pairwise nonintersecting planes in C m defined using the complex 2 r -th roots of unity.
Theorems 2 and 4 are our main results.
